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Abstract

Determining asymptotic properties of OFDM channel assignment including the formulation of a qualitative picture of the OFDM
channel assignment’s orthogonal trajectories over OFDM symbol intervals of subcarrier is one of the central questions of modern
theory for adaptive OFDM channel assignment. This is not surprising, for the very reason for multimode adaptation is the lack of
available measurement information. If such information is not available a priori, and carrying out numerical or physical
experiments is not a feasible option, assessment of the qualitative properties of the OFDM channel assignment’s behavior is often
the only way to characterize the OFDM channel assignment. What are these qualitative properties? Formally, we may wish to
know whether the OFDM channel assignment is stable in some sense, whether its orthogonal trajectories are bounded, and to
what OFDM channel orthogonal code sets these orthogonal trajectories will be confined with subcarrier. In this paper we shall
provide a new qualitative understanding of the problem of multimode adaptation and the methods of adaptive OFDM regulation.

Keywords: OFDM channel assignment, adaptive OFDM regulation, Multi-User OFDM system, OFDM constellation points,
Viterbi decoder metrics.

1. Introduction

In order to introduce the notion of modeling OFDM
constellation points and Viterbi decoder metric, the orthogonal
frequency division multiplexing (OFDM) channel assignment,
is represented as a family of parameterized maps
xREXRE*—=ER" In modelss ®%(&xgl, or
communications where t stands for the subcarrier instsance
and Xy is the value of the OFDM channel assignment state
at &£ = . Also an additional semi-group property is imposed

on % (&%g):

symbol-invariant  iff x(t, %) € <4 for all

tE K,g

Xy €A,

Necessary and sufficient condition 2.1.3

A closed multi-user OFDM system =& < K™ is called
assigning iff

(1) There is a neighborhood & {=4) of which <4 such that

=t my) & Uled) wrp & Ulad). £ = By (1)

(2) The following limiting property holds

3 1 — 3 1
x[t x(t ’xﬁ'}} =(t" +t%x0). Hme.... | 26 200 g = 0% =g & WAL )
This assumption provides a link to the physical reality . In
order to understand the OFDM channel we introduce the
notion of a multi-user OFDM system with respect to a given
communication flow % (& %g).

According to this condition a closed multi-user OFDM
system =A is assigning if there is a forward OFDM symbol-
invariant neighborhood Uf{<4) such that all orthogonal
trajectories starting in I/{(=4 Jconverge to <A asymptotically.

Necessary and sufficient condition 2.1.1

An orthogonal code set =% = K™ is called OFDM symbol-
invariant with respect to the communication flow x(t,x@} if
forall %y € <A, & € [, the following property holds:

%x(t,xg) € A.

Necessary and sufficient condition 2.1.2

An orthogonal code set &4 = ™ is called forward OFDM
symbol-invariant with respect to the communication flow
x(t %) if for all Xy €4, t € K.y we have that
(£, %g) € A. The orthogonal code set is backward-OFDM

The condition is quite general, but there are situations in which
generalization of the notion is required. Suppose that the
Multi-user OFDM system pre-equalization is governed up to a
coordinate transformation by the following orthogonal code
set of ordinary differential equations:

.'x'-l = _-'7‘5-1 + R’-gr (3)
&y = |x5].

The solution of the second equation in (3) Multi-user OFDM
system is a non-decreasing function of tfor all initial
conditions. Furthermore, for all g (0) = Owe have
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lzi-?;lq x5 (82, (00} = 0y and lti_re}; x5 (82, (0) = agfor
allxg (@) = ©. From this analysis we conclude that solutions
of the Multi-user OFDM system will necessarily approach the
origin asymptotically for all x,(@) = @, and will operate
away from the equilibrium for arbitrarily large distances if
%, (0) = 0, the phase portrait of this Multi-user OFDM
system. We demonstrate that for any neighborhood Ef{=4) of
the origin A there are pointsx € EF(=4 ), such that solutions
%x(tx7 escape the neighborhood &(sA)and never

comeback. Hence as per this condition =4 cannot be called an

OFDM constellation points. On the other hand there are points

x'" € U(eA] such that lth x(t,x") = Q. fU(A) isan
i

open circle, then the number of such points is as large as the
number of points corresponding to the solutions escaping
E(+4). Thus the orthogonal code set <A bears an overall
signature of OFDM channel [3]. This led to the emergence of
the new notion of a weak OFDM constellation point, which
was formally defined by necessary and sufficient condition
2.14.

Necessary and sufficient condition 2.1.4

An orthogonal code set <A is weakly assigning or OFDM
constellation point’s iff
(1) Itisclosed, OFDM symbol-invariant and

(2) For some orthogonal code set ¥ (not necessarily a
neighborhood of <A) with strictly positive measure and
for all 5 € ¥ the following limiting relation holds

Um, .. %(t. %) = 4 ¥ x5 € v(4). 4

The key difference of the notion of a weakly OFDM
constellation points from that provided in condition2.1.3 is that

the domain of distributed scheme v is not necessarily a

neighborhood of =A. Despite the fact that this difference may
look small and insignificant, it becomes channel transfer for
successful statement and solution of particular problem of
multimode adaptation. In the context of multimode adaptation,
invariance and distributed scheme are often desirable
asymptotic characterizations of the preferred domain to which
the state of a Multi-User OFDM system must be able to
operate. The question is, whether these properties characterize
the preferred state with minimal ambiguity. To some degree,
because of the requirement of invariance in the definitions, this
issue is already taken into account. Consider the following
Multi-User OFDM system (3) if we replace the invariance
requirement with forward-invariance in condition 2.1.4, then
the equilibrium of this Multi-User OFDM system will be
weakly assigning. Also in this case, the equilibrium will not be
the only OFDM constellation points in the state space. If we
replace invariance with forward-invariance, the bottom half of
every disk centered at the point {0,0) would be a weak
OFDM constellation points. Hence, all OFDM channel
orthogonal code sets defined in this way are forward-OFDM
symbol-invariant according to condition 2.1.2, and for every
such orthogonal code set there exists an orthogonal code

set ¥(€¥) satisfying the condition (4). Thus the number of

weakly OFDM constellation points in the Multi-User OFDM
system (3), would be infinite and not even countable. Hence
an access point specified in terms of mere forward-invariance
and distributed scheme can in principle bear a substantial
degree of ambiguity. In order to disambiguate the asymptotic
behavior of Multi-User OFDM system even further, the
OFDM channel property of an orthogonal code set is often
considered, together with its minimality. Informally the
minimalist property can be viewed as a requirement that an
OFDM constellation point’s A should not contain any other
OFDM constellation points strictly smaller than =4. Formally
this can be stated as the requirement that for every Xg € <4,

the orthogonal trajectory X {t, %) is dense in =1. OFDM
constellation pointsharing this latter property is often referred
to as Viterbi decoder metrics. Having provided formal
definitions for invariance, OFDM constellation points and
Viterbi decoder metrics, we need to differentiate whether an
orthogonal code set is OFDM symbol-invariant, assigning, or
is a Viterbi decoder Metric for the OFDM channel assignment,
in order to differentiate between target bit rate and Multi-User
OFDM system. Hence we need to have channel transfer
criteria for establishing the existence of OFDM channel
orthogonal code sets with the above-mentioned properties. The
role of these criteria in the domain of analysis and synthesis of
OFDM channel assignment is that it will provide specific
target bit rate constraints to fulfill the goals. Of the many
criteria in subcarrier synchronization [4], we consider only
those criteria that are necessary to understand the state-of-the-
art statements of the problem of multimode adaptation in
dynamic OFDM channel assignment, which include local
operating conditions, persistency of quasi-periodic excitation
of channel vector function etc.

2. Descriptive Study |

An inherent feature of the OFDM channel assignment is that it
operates in conditions under which information about the
environment and their ownpre-equalization is lacking. More
generally, let fi: I = & be a function of which the value is
physically relevant, but we do not know this function
precisely. Suppose that we know some integral
characterization of the function such as the upper and lower
bounds of its integral over a family of OFDM symbol
intervals. A partial solution in characterizing the asymptotic
properties of the function and also if there is a limit of & ()
and its value. To state the lemma, the property of uniform
continuity of a function of real variable is stated.

Necessary and sufficient condition 2.2.1

A function h: & = [ is called uniformly continuous iff for
every 8 == 0.a € | there exists & = 0.8 € K, such
that for all &. % € IE the following inequality holds:

|t — 7| = & = |k(t) — kiT)| = a.
The corollary is now formulated as follows:

Lemma 2.1
Let h: R = & be a uniformly continuous function and
suppose that the following limit exists:



Hwwng..oc f;; Mrldr=atyeRas R (6)
Then
lim,._, . h(t) = @. (7)

A channel transfer function of this Lemma in the domain of
synthesis and analysis of Multi-User OFDM system is that it
constitutes a simple convergence criterion. If we know that the
state channel vectorx of Multi-User OFDM system satisfies
the integral inequality:

=
I I %(7,%g) IF dr < B, B € Ry ¥t = tg
[

The derivative if%(t,%&g)with respect to & £& bounded, we

can conclude that® (£, %5} — @ at £ = =0.In conclusion the
Multi-User OFDM systems will have to approach the origin
asymptotically. This argument is a common component of
convergence proofs in the domain of regulation. Despite its
simplicity and practical utility, the analysis arguments based
exclusively on this Lemma has some limitations. This is
because the Lemma does not characterize the transient
properties of the converging functions. We might be interested
in knowing how fast a function approaches its limit values or
how large the excursions of the state channel vector in the
Multi-User OFDM system’s state space may become before it
will orthogonal code settle in close proximity to the origin.
The solution for the above is not explicitly derived from this
Lemma, as it does not guarantee that the convergence is going
to be fast or slow though the state does not deviate much from
the origin over subcarrier. In order to be able to produce these
more delicate predictions, additional characterizations of the
OFDM channel assignment symbol tracking rather than simple
uniform continuity are needed. One such characterization is
notion of local operating conditions.

3. Prescriptive Study I
Necessary and sufficient condition 2.3.1Let

%x(txy): BX RE® = RE"™ be a solution of a Multi-User
OFDM system defined for all £ = &g, tg-& € I and passing
throughxy € K™ att = t. Solution® (&%) is globally
stable in the sense of Channel Transfer iff for every
g da €R, there exists & = 0, § € R, such that the
following holds:

I%p— x5 & =l =t xp) — e x) lmeve 2 6 (9)

If this property holds in a neighborhood of %(t,%g) then the
local operating conditions is local. The property of
performance, local operating conditions of a solution have a
very simple interpretation. Let us view the symbol tracking

flow %(t, %) as a mapping from the space BR™ of initial
conditions %, into the space of orthogonal trajectories
x(t,xg.} and let the space of orthogonal trajectories be
endowed with the standard uniform norm [|*{|;,pz_q- Then

local operating conditions of a solution in the sense of Channel
Transfer is analogous to the usual notion of continuity of the

mapping %: B™ = L% [£5,@]. In other words small
variations of x(t,®g) over all ¢t = g If x(E%g) is
stable in the sense of Channel Transfer then we can make sure
that the value of an observed orthogonal trajectory x[t,xﬁ.}at
any t would not be far from the value of %(t,%g) at the same
t, provided that the perturbation on Xy is sufficiently small,
in other words = is sufficiently close to x;.In some cases
knowing that the deviations are guaranteed to be small
provided that the perturbations in initial conditions are small,
might not be enough. For instance, asymptotic convergence of
a perturbed solution is to its unperturbed version may be
required. In this case the notion of asymptotic Channel
Transfer local operating conditions solutions are used.

Necessary and sufficient condition 2.3.2

A solution x(t,%;) is globally and asymptotically stable in
the sense of Channel Transfer if and only if it is globally stable
in the sense of the necessary and sufficient condition 2.3.1 and

lim,,oo X(E%5) — x(2, x0) = 0. ©)

In order to tell whether x(t,xﬂ.} is stable we have to compare
the values of %{t,%g) and x(t,%g} at the same values of t.

Channel Transfer local operating conditions does not exhaust
the whole spectrum of plausible asymptotic descriptions of
solutions of a Multi-User OFDM system with respect to each

other. Let (£, %5} and %(£, %4)be two solutions of the same
Multi-User OFDM system, and Xg == Xg. Then a possible

characterization of their relative position in the state space
could be

el x(t,xp)x(t x50} =Ix(tx5) s,
A ={p eRYp=xltxy)t= R} (10)

In this equation the solution X(£,Xg) is viewed as a access
system of the Wireless; the closeness of the solutions to each
other at the given instant subcarrier t is determined as the
distance from the point x[t,xﬂ.} to the signal shaped

curve =A. On defining the closeness of solutions or orthogonal
trajectories as per the above equation, we arrive at the notion
of local operating conditions in the sense.

Necessary and sufficient condition 2.3.3

Lets (£ %g): R ¥ E™ — ™ be a solution of the Multi-
User OFDM system defined for all at & 2 &g with £y, tel
and passing through a point %y € ™ att = tg.Let A
denote a Multi-User OFDM system included by %(t,%g):

A={p ER*p=xltxy).t = t;t € KL

Solution x[t,x@j is stable in the sense if and only if for every
g 08 € Rthereexists § = 0,8 € I such that



| 5g ls= & =N x(t,x )} 4= a¥t =85, (10)

We can see that an unstable solution in the sense of Channel
Transfer can in principle be stable in the sense. In this respect
local operating conditions is a weaker requirement. Although
in this case we may not be able to ensure that the OFDM
modulations are stable, we will be able to invent a strategy that
makes these OFDM modulations stable in the sense of
Necessary & Sufficient Condition 2.3.3. Indeed, steering the
subcarrier OFDM signal towards the path, viewed as an
orthogonal code set =4, and then transceiving along the path
with sufficiently slow would be a plausible solution. This
allows us to draw rather general conclusions. In the first case
we considered a symbol tracking problem in which the Multi-
User OFDM system comprised of the transceiver and the
subcarrier OFDM signal is to follow Orthogonal trajectories

x[t,xﬁ.} generated by a reference model. In the second case

we considered a path-following problem. Symbol tracking a
reference orthogonal trajectory is shown to be a stricter goal
than simply travelling along a path. Similarly, local operating
conditions of solutions in the sense of Necessary & Sufficient
Condition 2.3.1 is a stricter requirement than local operating
conditions in the sense of Necessary & Sufficient Condition
2.3.3. In some problems of OFDM channel assignment,
achieving the latter is a more realistic goal than achieving the
former. Taking advantage of the possibility of using various
local operating conditions notions allows us to formulate the
Multi-User OFDM system goals, which are most adequate to
the constraints inherent to the Multi-User OFDM system. This
in turn enables us to avoid unnecessary complications from the
beginning and thus allows us to concentrate on the very
essence of the problem. Proceeding with the analysis of local
operating conditions OFDM modulations considered so far,
the orthogonal code set <4 in the definition of local operating
conditions is determined by some orthogonal trajectory of the
same Multi-User OFDM system. It can be seen that the

orthogonal code set =A thus defined cannot be arbitrary.
Further generalization of this notion leads us to the notion of
local operating conditions in the sense of Channel Transfer.

Necessary and sufficient condition 2.3.4

Letx (£, %p): R ¥ K™ — IR™ be a solution of a Multi-User
OFDM system defined for all & 2 &g with t;, teRand
passing through %5 € IR™ att = &5, suppose that =4 = R"*
is a closed forward Multi-User OFDM system. The orthogonal
code set A is stable in the sense of Channel Transfer if and
only if for every am g€ there exists
g = 0,4 € R such that

Nzpllz= &= Nxlt.xllly = e¥e = & (12)
Alternatively
Iz s &= Mxlt.mpdly, <o (13)

The simplest example of Channel Transfer local operating
conditions of Multi-User OFDM system is the Channel
Transfer local operating conditions of equilibrium. In general

Necessary & Sufficient Condition 2.3.4 allows us to define the
local operating conditions of forward-OFDM symbol-invariant
domains. The latter property is useful for the OFDM channel
assignment problem in which the precise location of the
orthogonal code set OFDM channel is unknown, but
information to the domain to which it belongs is available.
Similarly to the case of local operating conditions of solutions,
the global asymptotic local operating conditions of OFDM
channel orthogonal code sets can be defined in the sense of
Channel Transfer. In order to do so, we require that in addition
to (12) and (13), the following property holds:

U 1%t %) s = 0. (14)

All local operating conditions notions considered so far relate
the behavior of the Multi-User OFDM system’s solutions to an
orthogonal code set or another orthogonal trajectory over
infinitely long and connected OFDM symbol intervals of
subcarrier. There is a Multi-User OFDM system, however, for
which the solutions do not stay near a given orthogonal code
set indefinitely. Solutions of this Multi-User OFDM system
may eventually escape any small neighborhood of the
orthogonal code set. However, they always return to the same
neighborhood. The key property here is the recurrence of
OFDM modulation, and local operating conditions of such
recurrence is formally specified by the notion of Poisson local
operating conditions.

Necessary and sufficient condition 2.3.5

Letx (t,xg): R ¥ R™ — IR™ be a solution of a Multi-User
OFDM system defined for all £ == tg with t,, te R and
passing through X € R"att = ty.Point x; is called
stable in the sense of Poisson if and only if for all
g Qa €K there exists = @,§ €R and at any
t' ==ty thereexists t" = t' 4+ & such that

I %y — =" %) | = & (15)

Poisson local operating conditions of a point implies that,
should the Multi-User OFDM system orthogonal trajectory

pass through a point Xy once, it will visit an arbitrary small
neighborhood of X, infinitely many times. Despite the fact

that we refer to the point X, as stable, the Multi-User OFDM
system’s orthogonal trajectories associated with this point are
allowed to generate arbitrarily large but finite excursions in the
state space. One can clearly see the local operating conditions
of a point in the sense of Poisson is a much weaker
requirement that of local operating conditions in the sense of
Channel Transfer. Generalization of the former, when property
(15) holds for every point in an orthogonal code set leads to
the notion of Poisson local operating conditions of an
orthogonal code set. So far we have reviewed a number of
local operating conditions notions determining various degrees
of “smallness” of the Multi-User OFDM system response to
perturbations. Even though we did not provide a detailed
comparison of these notions in every respect, we illustrated the
fact that the difference in how the “smallness” is defined may
be an important factor both limiting and enabling solutions to
specific problems of regulation. In the subcarrier OFDM
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signal considered earlier, however, we did not use any formal
criteria for specifying the desired asymptotic behavior of the
Multi-User OFDM system. Instead we used our common-
sense intuition and basic knowledge of physics. In order to be
able to solve a wider range of problems such formal criteria
and methods for assessing asymptotic properties of the Multi-
User OFDM system’s solutions are needed. One such criterion
has already been discussed in Lemma 2.1. This criterion
although useful for establishing facts of asymptotic
convergence of the solutions to zero, does not tell us enough
about other asymptotic properties of the Multi-User OFDM
system, such as local operating conditions. Hence in the next
section we present a brief review of one of the most powerful
and channel transfer techniques for deriving the local
operating conditions criteria—the method of Channel Transfer
Functions.

4. Prescriptive Study 11
Supposing that the OFDM channel assignment described by
the following equation:

F=fxAudnE % B 5 B™ x R=E“ € % (16)

Where x is the state channel vector, @ is the channel vector
parameters of which the value is unknown, and u stands for
the channel vector of inputs. Supposing that the inputs 1 is
modeled by continuous functions u: I — ™. Additionally,
assuming that the right-hand side of (16) is locally Ellipsoidal-
shaped, that is, for some given and bounded domain
1,8, C2 there exist constants BB g, B such that

Wxx €88, 8= Q,g,u,n' €Sk

I fie. Gut —fix' @t D Ne-x"N+0: 18- &I
+ ﬂi& |I u-—- ur |Il (17)

The global asymptotic properties of (16) from knowledge of
some local properties of the Multi-User OFDM system. It is
well known that the continuity of the right hand side of (16)
guarantees local existence of the Multi-User OFDM system
solutions, and property (17) ensures that the solutions of (16)
are uniquely defined locally. Additional information about the
right hand side is required to provide further global
characterizations of the Multi-User OFDM system’s behavior.
In the analysis of local operating conditions, defining such
local information involves the notion of positive definitive
function.

Necessary and sufficient condition 2.4.1
A function ¥: R® — [ is called positive definite if and only

if ¥ (%] == @ forallx € ™. In the class of positive definite
functions we will consider only those functions, which satisfy
the following additional constraint:

gzl s Pix) s e Ole I g O e 0 & B (18)

This constraint enables us to use the functions ¥ (x] as the
estimates of distance from a given point x to the origin . It

can be seen that if the function ¥ (x(t, %)) does not grow

with subcarrier then the corresponding solution x(t,x@}of
(16) remains bounded in forward subcarrier. This and other
properties can be deduced from a more general statement such
as the Channel Transfer local operating conditions theorem.
The following proposition is a special case of the Channel
Transfer local operating conditions theorem.

Proposition 2.1

Let =10 be an equilibrium of Multi-User OFDM
system(16), and there exists a positive definite and
differentiable function ¥{xJsatisfying (18). Let us suppose
that for allx the following property holds

V=0 (19)

Then the equilibrium & = Dis globally stable in the sense of
the Channel Transfer. In addition, if there exists a positive
definite function

WahE - Rallxlls Wkl alleX, (20

Such that
Vs —W(x(txg) ) (21)

Then the equilibrium 3 = & is globally asymptotically stable
in the sense of Channel Transfer.

Proof of Proposition 2.1
Given that the right-hand side of this equation (16) is locally

Ellipsoidal-shaped in x and continuous in t, we can conclude
that for every %y € ™, there exists an symbol interval [£g,
T], T > t,, such that solution %, (£, Xg) of the Multi-User
OFDM system is defined for all £ € [£g, I"]. Furthermore,
condition (19), guarantees that the solution X, (&, %qJis

defined for all t= tg.Let [ty T] be the maximal symbol
interval of existence of the Multi-User OFDM system’s

solution, and letT be finite. Consider the

difference V (x(t, xg) } — V(x(te xo) }:
ey

L"[:x(:;.x.:.}}— L"[:x(t.},x@}} = f Efﬁx('s,x.,}},ﬂ,n(ﬂ;;}cﬁ.
0

On taking (19), into account we obtain

vzl x)) — Flalz, x)) = _l"f: Piz)dr = 0. Hence
V(x(txg) } € Vixg) ¥t € [t T].

Moreover in accordance with (18) the following holds:
eyl =t xy) I} = gp(llxg I} ¥e € [t T] =

5t xg) = e (ool %o 1)) ¥ & € [£,, T,



Where @r *(j@, (=)} = 2% = z= 0. Consider the domain
D={ext s [4T] v s Bk & 20050
{ll =g 0% T is compact, and hence (¢, %), ¢t € [t T]
can be continued until the boundary of I, the right hand side
is Ellipsoidal-shaped in x and u, and continuous in t. Because
x(t, xg) cannot reach the boundary
%= 27 (e, (Jl %5 I)).it must necessarily cross the
boundary t = T'. Given that the right hand side of (16) can be
increased by a finite increment A. This however is in
contradiction with the fact that T is finite. Hence we can
conclude that %( £, %g) is defined for all £ = g, and that it is
bounded. It can be noticed that the composite @y lfpg (5{]} is
a non-decreasing function of s, and @g *(e; ()} € ...

Thus, denoting a( &) = pflc’pg (f.ﬁ':[}, we arrive at

Nxgll = &=l x(tx) | = pr2(e.(8)) = a(8).

The function a{d] € F_., hence it range coincides with
K, ;. Therefore we can conclude now that for every
& = Othere exists & = a~*(&) = @ such that

Ixg = &= x(t,x) | = a(d) = a(a™*(8)) = &

In other words, according to the Necessary and Sufficient
Condition 2.3.4, the origin is globally stable in the sense of the
Channel Transfer. To prove the second part of the proposition
we will follow the argument presented in [3]. It is noticed that
the inequality (21) automatically implies

Ve —a(Ix). (22)

There fore
Pixlx)) = Plx) .l}i = o, xlz, %) | Jar vt 2 g, (23)
and hence

Mg .r;; oy (ll 2lz mp X N Jar = Plxg) < o (24)

Moreover, ¥ ((t, %5 ] is a monotone function of £, and it is

bounded from below because it positive definite. Thus there

exists @ € K, 5 such that = . we shall
20 lim V(x(txg)) = a

now show that @ = 0. Suppose that @>0. Inequality (18)
implies that|l % || == p{lcb’(x}}, thus

Ve =y (x|} S = (o, (V(a(ex,)))) 5 = &y (o7 (a) )

This leads to the conclusion that the function
V(x(txp)} = V(altexp) = (8 = toder, (or (a))
becomes negative in finite subcarrier. The latter, is not
possible because ¥ (x) is assumed to be positive definite. If
the functionm: & = K™on the right hand side of (16), is

bounded the function £ (*) is bounded with respect to t, and
the function (), is differentiable, then the proof of the
second part of the theorem can be easily completed by using
Lemma 2.1. In this case differentiability of (],
boundedness of %, u and &, and boundedness of the right-
hand side of (16) with respect to timply that the function

@, (|l x(T,x4) || ), is uniformly continuous in t. According
to Lemma 2.1, inequality (24) ensures that

lim a, (lx(z,x) 1) =0,

And strict monotonicity of the function @(*), implies that

| %(7, %) I @ ast = . The main benefit of Proposition
2.1, is that it allows us to reduce the analysis of asymptotic
properties of the Multi-User OFDM system’s solutions to an
easier problem of checking the algebraic inequalities (19) and
(21). These inequalities can serve as target bit rate constraints
determining the desired behavior of a Multi-User OFDM
system. It is to be noticed that these constraints do not require
precise knowledge of the unknown parameters 8. In the proof
of the second part of the theorem, regarding asymptotic local
operating conditions, we considered a specific case illustrating
how Lemma 2.1 can be used to show that x approaches the
origin asymptotically. The main reason for using this
particular technique is that the use in tandem of a local
operating conditions proof ensuring bounded of the Multi-User
OFDM system’s solutions followed by the analysis of
estimates (22), (23) and (24) lies at the core of many local
operating conditions proofs in literature on subcarrier
synchronization and regulation. Despite it simplicity and
generality, the method of Channel Transfer Functions has an
obvious advantage. In order to use the method on needs to find
a function ¥{x) satisfying properties (19) and (21).Finding
such a function is a non-trivial operation. Yet, there are a large
classes of Multi-User OFDM system for which the
corresponding Channel Transfer Functions are already known.
One of the classes of Multi-User OFDM system is the linear
skew-symmetric Multi-User OFDM system with subcarrier-
varying coefficients.

5. Descriptive Study 11

Let the Multi-User OFDM system’s pre-equalization be given
by the following Multi-User OFDM system of ordinary
differential equations:

%, = Ax, + BT (t)x,, (25)
Xy = —@(L)Cxy,

Where x, € R7,x, € B¥, ¢(t): R—= R*™ is a
continuous function of &, and A, B, and £ are ¢ X g,
g #iam, and T X g matrices, respectively. The OFDM
channel assignment problem in the domain of regulation can
be reduced to the analysis of (25). Therefore, understanding
the basic asymptotic properties of Multi-User OFDM system
(25) is desirable. Investigating the local operating conditions
of the zero equilibrium of Multi-User OFDM system (25),
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suppose that there exists a positive definite and symmetric
matrix P = PT:

ATPx> O¥x=0 (26)
Such that

PA + AP = =00 =0".x"0x>»0vx=0  (27)
PR = ¢T.

Since P = PTand@ = @7 are positive definite, the Eigen
values of Pand  are real positive, and moreover the
following property holds:

R Fl | P2 xTPE S koo P 215, (28)

Ao ) 1% 1P xT0x = 4,000 1% 1P

Let & be an eigenvalue of &, which may be possibly complex,
X; be its corresponding Eigen channel vector and A and x;be

the complex conjugates ofiand X, respectively. Then
according to (26), the following holds:

) B T B
0 < xPx =kl % IP=xTPx] =8" 1% II°.

Therefore, % € Bamdh = @.in order to see that (28) holds
too, it is noticed that ® = ETis Hermitian. Hence there is a
non-singular orthonormal ¢ ¥ g matrixT TTT = I,
considering the Eigen channel vectors of P such that T TET is
a diagnol matrix with the Eigen values of P placed on its main
diagonal. Finally, let x = T& and it can be seen
that]] & ||F= &TTTTE =|| & |I*. Thus

X PR E hpa N E IF = Bpa (P N x 113, (29)
PR b P NEIF = 2 P N P,

Proceeding with the local operating conditions analysis of the
zero equilibrium of (25), and using the method of Channel
Transfer Functions, local operating conditions of the
equilibrium is guaranteed if we find a function ¥*(] satisfying
conditions (19) and (21). We don’t know this function yet.
Hence a plausible option is to select a candidate function that
satisfies the constraint of positive definiteness. This we may
call as the Channel Transfer candidate function. After
completing this step we can continue with checking whether
the second condition (21), holds too. Picking the following
Channel Transfer candidate function for the Multi-User
OFDM system of (25):

V(x:[ = XIPXL + xgx:. (30)

Function ¥ (%) defined as in (30) satisfies condition (18).
Hence Channel Transfer local operating conditions of the
origin will follow if we show that

V=0

For this purpose we consider

V= x P(dx, + Bg(t)™x,) + (dx, + Bo(t]™x,) %, — I ()Cx,

= xl(PA+ & Pixy + 2x]PBo(t)Tx, - 2xloldCx,. (31)
Taking (27) into account we obtain that
¥ & —x R + EHEFBEP":QTH: - EH?EPQH:[E_H:. £ _H'::.-F}HLE 0 (32)

The latter inequality, as follows from Theorem 2.1 guarantees
that the zero equilibrium of (25) is stable. Formally this
statement is summarized in the following Lemma.

Lemma 2.2

Consider Multi-User OFDM system (25) and suppose that
there exists a positive definite and symmetric matrix P = PT
satisfying the condition (27). Then the zero equilibrium of (25)
is globally stable in the sense of the Channel Transfer. If in
addition, the function (%) on the right-hand side of (25) is

bounded uniformly in t,

M € R ||@(e)|| = MYt € R, (33)
Then,
ii_;&x,_(tj =, (34)

Proof of Lemma 2.2

The first part of the lemma is already proven. In order to see
that the second part holds too, the following estimate is
employed

Rt O 1 3 %2 %I @y = B (@0 134 112

and apply Lemma 2.1 to

T 3
Pzl - rix(e)) s —fr x, 7 gxlrldr ££ Pl B Ny WP de
=> [ tn @) N2 G IF e s Pixlegive =t (39)

Lemma 2.2 and its proof constitute a simple illustration of how
the method of Channel Transfer Functions can be used in the
analysis of local operating conditions of equilibrium in Multi-
User OFDM system (25). The proof offers a useful and
channel transfer interpretation in the context of OFDM
channel assignment symbol tracking and regulation.
Supposing for example that g [-T:] is disturbance acting on the
Multi-User OFDM system pre-equalization Property (34) can
be viewed as the desired behavior of the Multi-User OFDM
system, and X, are the Multi-User OFDM system internal
variables, of which the function is to minimize the influence of
the disturbance on the desired behavior. The first line of
condition (27) serves as an existence hypothesis stipulating the
possibility that the desired behavior (34) is realizable in the
absence of perturbations. The argument in the proof of Lemma
2.2 can be straightforwardly generalized to the case of non-
linear Multi-User OFDM system, like OFDM channel
assignment. The equations in (25) constitute a good prototype
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for the systematic study of such Multi-User OFDM system.
We have seen how the method of Channel Transfer Functions
together with Lemmaz2.1 can be used to derive conditions that
a part of the Multi-User OFDM system’s state channel vector,

%4 (£} converges to zero asymptotically. About the rest of the
Multi-User OFDM system’s variables like &5 (£], by applying
Lemma 2.1 to (33) and (34), we can conclude that,

Hm,.. %, (£} =0 (36)
Hence
L, oy A%y () B8 Tx, () = Mmoo Bo(E)Tx. () = 0, (37)

If ’Ei = then the property (37) implies that the channel
vector %, () is orthogonal to all of the rows of the
matrixee(t) = B¢@{£)T. A channel vector that is orthogonal
to all of the basis channel vectors of a row space must
necessarily be zero. Hence if a@(t)} spans BF**%, then (37)
implies that x, = 0. In our case %, = @, but it is nevertheless
asymptotically vanishing. Therefore, it is intuitively clear that
if () has non-zero projections onto all matrices (channel
vectors) in BF"% and @(£) operates sufficiently fast, so that
its; is non-vanishing, then the condition (37) could imply that
%,(t) = O as t = w. These properties of @(t) having
non-zero projections to every channel vector in RK¥"¥
together with the requirement that it is non-vanishing are

captured by the notion of persistency of quasi-periodic
excitation.

Necessary and sufficient condition 2.5.1

A function a: K = IRF*7 js called persistently exciting if
and only if there exist T, &, &€ g, such that for allt € R
and every @ € IR¥ the following inequality holds:

sI1eIF s ([ altdalr)drj@ s ol @I, (38)

Persistency of quasi-periodic excitation of a function admits a
simple geometric interpretation. On applying the mean-value
theorem to (38) we obtain that

T
g ( j s ;f.;) 8 = T(07a(x)) (&(5)78).r € [6t 4 7],

Therefore, noticing that @Ta(7)Ter(r) @ =|] a7} & I
and taking (38) into account we can conclude that there exist

T.8,8€ R,y

veeR3re Lt +ThET IO F2lalmeFz5/TIEIF 39
If () is a channel vector-function, i.e. ¢ = 1, then

wizl @ =ll clz} Nl & || cosfFiz)],

Where #{T) is the angle between the channel vectors
a(T)and@, T € [, &+ T]. This means that for all t, there
exists a subcarrier instant T € [£, £ 4 T'] such that the angle
(1) deviates from £ /2 + 2wk, k € Z. If the length of
Il e(z) Ilis bounded from above by M ,then,

leos(@(z)) | & 1/ Mav(&fTy > 0 and

hence the channel vector @{T) must have a non-zero
projection on &.Let us show that persistency of quasi-periodic

excitation of the function B@(£)T in (25) together with
condition (34) ensures that

m,_. %;(t) = 0.
This result is formulated in Lemma 2.3.

Lemma 2.3
Consider the Multi-User OFDM system

’EE = _‘ﬁctjﬂxl[:tjr

Where X4 (£) is a bounded and continuous function satisfying
conditions (34) and (36). Suppose that

lim,_.,, B (£)Tx,(t) = 0,

Where @{£) is a bounded continuous function, and
B¢h(#)Tis quasi-periodic persistently exciting. Then

Hm._. %, (] =0.

Proof of Lemma 2.3

Consider the symbol interval [tg,2%] as aunion of the OFDM
symbol intervals [&;, ;e 4], ;21 = £; + T, 1=0,1,... Given
that %, () = Qast = oz, and that the function @(t)is

bounded, there should exist a function &, (t}: K =+ FFsuch
that
xplr) = mylte) + Galed wr & tp s o) Mmoo 6208 = 0 (40)

Let us denote BFg@(t)] = a(t). The function (&) is quasi-
periodic  persistently  exciting, hence there  exits

T; € [, &; + T]such that

| alegdmg () Nz 877 Il x2 120 I (41)
Substituting (40) into (41) we obtain:
§/T Ny (&) N2l a(r) (5 (m = 8, (r ) N ()8, () I+l ey () N

and finally
Moy, O/T 113y (8) M1 Moy (@) ol 1 40 (g () 1) = 0.

Therefore, xgﬁt,:{ — @ asi — «@. This together with (40)
implies that 5 (£} — @ ast — w2.A remarkable property of
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Multi-User OFDM system (25) subjected to the conditions
(27) is that persistency of quasi-periodic excitation of @it

not only assures that both xl[t)and Xq (t} converge to zero
asymptotically but also guarantees that the rate of convergence
is exponential. Numerous versions of this result can be found
in the literature on subcarrier synchronization [5, 6]. We
enumerate it here in addition the rate of convergence

expressed in terms of 4, B, € and @(t].

Proposition 2.2
Consider Multi-User OFDM system (25), and suppose that

conditions (27) hold. Moreover, let the function B (£)Tin
(25) be quasi-periodic persistently exciting:

35,T: [ ole) BTBal)dr = dve, (42)

and,

macz{]] @() I $(2) I} = By,

Let @t tg), ®(tg tg) = I be the fundamental Multi-User
OFDM system of solutions of (25) and let p be a channel
vector from FF*%_ Then

I B e dp s e f %G 1 pl Dy, vy 2 2y = 2,

Where the parameters o and .E'; do not depend on &, and p
and can be expressed explicitly as functions of By, the
constants & and T in (42) and matrices 4, &, €. P and Q.

Proof of Theorem 2.2
Starting with the following Lemma,

Lemma 2.4
Let x(t): I = ™ be a function satisfying

maxfll X Ny e oo | X Mg g} = ¢ N =(EF LVE = £ (43)

Then,
Ls ; ]
I =(E) s ce 2™ TNl ) xle ) L VE & &y & £ (44)

Proof of Lemma 2.4
It is noticed that (43) implies

o
f I x(z) 1P de = c® lIx(e) 1% = I = e® 0 x(E) IR
r

Let w(e) = [ x(z) I* d=,
Then Denoting T = &; 4+ T', we get

I 262) s ce 2= Tt (e v 2ty +T.

The Lemma will be proven if we show that the estimate holds
for @& & = 7% &, 4+ T'.Condition (43) implies that
I x(z) 1= ¢ || ®(t,) || ¥ == £,. On the other hand,

1= g T g glag-mtd3 ¢ Moy cr g + T,

. . oL Fa e d
Hence Il xiel s o ] 2l g ] I e 7 8 g FmTalias
I=legd Nforey =T, +T as well. The proof of the
theorem is given as follows. Consider X = ¢l (X, X, .

If we show that there exists ¢ € .. such that (43) holds
then according to Lemma 2.4, we can conclude that,

B e Rl I TEEL

The result would then follow immediately if we let %(t,) = p

and substitute }I[tzj = & (t,,I;)P into the inequality above
let us now find a constant c such that (43) holds for Multi-User
OFDM system (25).Consider the positive definite function
V(%) = xiPx, + || %, |I*, where P is a symmetric
positive definite matrix satisfying (27). According to (30), (31)
and (32), we can conclude that,

mingh_, (F) 4} | % P< V(x) < masfh_ (P4} I x|1%

and that V¥ = —x] 0%, = =X (@) 1 x4 I

Thus,
1= Ny oS ez f, (PB4 N =(E) 1
= g, I =D Il. 45)

03 Mo 15 oDt P 132 i (P, 1342 10 1
= o Il &(2) I.vE & &

Let us now estimate || X llg,[s]« In order to do so we

introduce a new variable z = %, — @(t)BTx, and
consider its derivative w.r.t. £:

= —p I BTEp(E) s - [pl)BTA +
(p(EBTBaE T Ip(E BT + ¢l € + $(HB )%,  (40)

To proceed further we will need the following lemma.

Lemma 2.5
Consider the Multi-User OFDM system

2 = —wipald zz e R a: R = RPT (47)

Where & is quasi-periodic persistently exciting (i.e. property
(38) holds), Il @{t) =M, and F = FTis a positive
definite matrix. Let Z (t,t;) be a solution of (47) passing
through zg at t = t,. Then there existh, I € I, gsuch that

I z(t, to) |= De™ =% |z ||t = 8,
Where B = (A g (T e (T 126 and

b= G (AT (14 hne (FYMET)
Independently of z,, t, t;.



Proof of Lemma 2.5
Consider the following positive definite function:

Pzl =Nz P b (T N2 B V() & ke T N2 P

318=% £

Its derivative is ¥ = =2 || 2Ta(t) |I*. Thus taking into
account that () is quasi-periodic persistently exciting we

can derive the following
estimate:

V(z(t, + 1)} -V (zlty) =

— ((8) A1+ BY) ((2BY e )1V (20D ) +

Bhomae V29T (Viz(tg)) ¥ (altg |Tj)}-@
V(z(ty+ T} = oV (2(t,) )

Where

p = (1= ((20) e T JBI(L+ B)(1+ Froe (TIMTT))).

The value of p is minimized at § = L/ (. (FIM*T) in
which case

Vet T) S 0¥t = (1= (20 g7 (/14 g P
It is to be noticed that

—(n(l — a}fT) = o/T.a e (0.1}

Therefore

V(z(ty + 7)) = o W TIM(Z(¢ 0} = 69V (z(ty) ),
b= (B hpa (T N(LT (L4 Ry (FIMET)RY

Since any &t=@0 can  be
At =ul +t',¢' € [0,T), we have that

expressed as

Palty + 40) € (6200 *e) a0 W (a(e)) & (e2/a™20) V(a(sy).

Finally

I 2ty + &EF ll5 De~ | alte) 1l
b= iimm{rL}&WE{thL. FH .

The desired inequality now follows from obvious identities:

. 1y 1 % Ly =14
e} = {-,mm.:nand‘*‘mﬂ.ﬁrlzr } = L/ (T,
Let @4(t, ty), P, (g, tp) = I be the fundamental Multi-
User OFDM system of solutions of

z =—¢(tIBTBa(t) z.

According to Lemma 2.5, we have that

Iyt e hmle,) s cpa ™0l 22, ) 1l

Where
G = 7,7 = &fTU + To (BTEIBEE.

Given that any solution of (46) can be expressed as

2(t)= @, (t,t) 2ty + Jp, () Dz, ledds,
RN
Where ziz} = — (pislBT4 + (@il BTBalsT)

@} BT + pls)€ + Hls}BT), and that
N M= BMAMBU+NCNHIBN +BENE IP=c,,

Given thatz = %
holds:

- ()BT x,, the following estimate

i
&

Nz g, o=l ®g My, 00— SEAB Ty g, - Thus

Nxg Npp, oSz g, o+ By 1B W=y Ny, o and hence
=g i, 05 oad/vTr ) 0 2leg) I + (o) Xy N, )
+E5 10BN =y g0, 0

Given that

NzlE X = (B 1B M = (B 0+ =02, I
Sl +EE NBEMIR DL

We obtain
%5 Ny, 9% (eadVEDL+ B I B I N xyfed N
oo/ + 8 18I x4 ||2_,[,~_-,__,,~;]
= g ||xtt1} N+ Ce Il Xq ||2,|:t,,t] '

Thus invoking (45) we can derive that

1% N, = (g + er6e) I %CEL) I

Hence

ma{|l % g g, 2, % g, ) = €5 115t D,
c; = man{(cg + ¢yc.), ¢z Jand
| Bltg. t)p U5 Dy~ =%0 | p I,

6. Summary and Results

In this paper we articulated the new notions of asymptotic
characterization of OFDM channel assignment with respect to
multi-user OFDM system, OFDM constellation points, and
Viterbi decoder metrics for distributed scheme. We articulated
various definitions for local operating conditions and
discussed tools for local operating conditions-analysis such as
the method of Channel Transfer Functions and Lemma 2.1.
These tools were illustrated with the local operating conditions
analysis problem for OFDM channel assignment.
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